
Homework Assignment 6

25 Science, Philosophy, and the Big Questions due 24 February 2012

For submission

1. What is the difference between extrinsic and intrinsic curvature?

2. Imagine that you are a two-dimensional being trapped in a flat two-dimensional surface.

(a) How would you use geodesic deviation to confirm the flatness of your surface?
(b) Imagine that a three dimensional being picks up your surface and bends it into

cylinder, without in any way stretching your surface. (This is just what hap-
pens when someone takes a piece of paper and rolls it into a cylinder.) You are
still trapped in the surface. If you now use geodesic deviation to determine the
curvature of your surface, would you get the same result as in (a)? Explain why.

3. In antiquity, it was observed that the position of the northern pole star changed as the
observer’s position changed in the north-south direction. Specifically, for each 69 miles
= 111km that the observer moved northward, the pole star raised in elevation by one
degree.

(a) Explain how this observation enabled ancient astronomers to argue that the sur-
face of the earth is curved. (Note that the ancient astronomers knew that the pole
star was so far away that no change of position on the earth’s surface brings us
appreciably closer to it.)
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(b) Use it to estimate the circumference of the earth.

(c) Explain why this observation enables the establishing of extrinsic curvature.

(d) Explain why this observation, by itself, does not enable us to infer the intrinsic
curvature of the earth’s surface. (Hint: Is there a shape with extrinsic curvature,
but no intrinsic curvature that exhibits the effect?)

4. In a space with three or more dimensions, the curvature need not be the same in
every two dimensional sheet that passes though some point in the space. Of course
sometimes things are simple and the curvature does work out the same. Here’s an
example. Imagine that you are in an ordinary, three dimensional Euclidean space. You
slice the space up into the flattest two dimensional sheets you can find, all built out
of intersecting straight lines. The first set of sheets run left-right and up-down. The
second set of sheets run left-right and front-back. The third set of sheets run up-down
and front-back. You use geodesic deviation to determine the curvature of the sheets in
each set. What is the curvature of:

(a) The left-right and up-down sheets?

(b) The left-right and front-back sheets?

(c) The up-down and front-back?

(d) Things need not work out so simply. In what space discussed in the chapter would
the results be different?

5. The effect of geodesic deviation can be used to detect curvature in spacetime.

(a) The simplest case is the gravitation-free Minkowski spacetime. Consider four
objects arranged at equal distances apart in a straight line in Minkowski spacetime
and initially at rest. Draw a spacetime diagram of their ensuing worldlines. Use
the notion of geodesic deviation to conclude that the sheet of the spacetime that
they are exploring is flat.

(b) Now imagine that the same four bodies are momentarily at rest, high above the
surface of a planet, such as our earth, all lined up at the same altitude. They
are released and begin to fall towards the planet. Draw a spacetime diagram of
the ensuing worldlines. Use the notion of geodesic deviation to conclude that the
sheet of spacetime they are exploring is curved.

6. (a) What is the essential idea of Einstein’s gravitational field equations?

(b) Why is it plausible that the Minkowski spacetime of special relativity conforms to
them in case the spacetime’s matter density is everywhere zero?

(c) Does this mean that a Minkowski spacetime is the only possibility where the
matter density is zero? Why not?
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7. (a) What consequence does the equality of inertial and gravitational mass of Newto-
nian theory have for bodies in free fall?

(b) How is this consequence important to Einstein’s new theory of gravity, which
depicts gravitational effects as resulting from a curvature of spacetime?

For discussion in the recitation

Some questions about curvature:

A. Here’s an exercise that shows how geodesic deviation can be used to determine how much
curvature a surface has, not just whether it is zero, positive or negative. Geodesic deviation
can be used by observers on the surface of a planet to determined whether they are on an
earth sized planet or on one twice its size with correspondingly different curvature.

(a) Two observers stand on the earth’s equator 100 miles apart. They begin to move north-
ward. After traveling 100 miles they find that they are closer by 169 feet. How is this effect
is related to the curvature of the earth’s surface.

(b) If they had started 200 miles apart and moved 100 miles due north, by how much would
they have approached each other? Convince youself that your answer is correct by drawing
a figure.

(c) Imagine that, before the observers start their motions, the earth is inflated to twice its
size so that its radius of curvature has doubled. The observers of (a) are carried along with
the inflation, like two ants sitting on a balloon. They now start 200 miles apart. After they
have moved 200 miles due north, by how much would they have converged? (Hint: get the
answer just by scaling up everything in (a)!)

(d) Use your answer to (b) to convince yourself that the result of (c) could not happen on
an earth of the original size, so that the amount of convergence can be used to determine if
the surface is the earth’s or a planet of twice its size.

Technical note: What makes these computations messy is that the amount of convergence
increases with the square of the distance the observers travel north. The formula is

Convergence = (1/2) x (east-west distance at equator) x (distance moved north)2 / (radius
of earth)2

where the formula holds only as long as the two distances are very small compared to the
radius of the earth. This formula can be inverted to determine the radius of the earth from
local measurements of the other distances in the formula.

B. Here’s an example that illustrates how curvature can vary in different directions. Con-
sider the extruded spherical space discussed in the chapter on spaces of variable curva-
ture, available at http://www.pitt.edu/~jdnorton/teaching/HPS_0410/chapters/non_
Euclid_variable/index.html#Space. Imagine that somehow you have been transported
into this space. You want to figure out which are the east-west, left-right and up-down direc-
tions in this space. To do so, you label three perpendicular directions ‘X’, ‘Y’ and ‘Z’. You
slice the space into three different types of two dimensional sheets. The XY sheets contains
the directions X and Y; and so on for XZ and YZ. You now have three sorts of sheets in
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which you can carry out geodesic deviations measurements. Let us say you end up with the
following results:

XY sheet: geodesics converge XZ sheet: geodesics neither converge nor diverge YZ sheet:
geodesics neither converge nor diverge

(a) What sort of curvature does each of the three sheets have?

(b) Which of X, Y and Z directions can correspond to east-west, north-south and up-down?
Explain how you arrived at this identification.

Some questions about general relativity

C. According to general relativity, there is noticeable curvature in the space-time sheets of
spacetime in the vicinity of the earth. That curvature is manifested as gravitational effects.
General relativity also tells us that the geometry of space above the surface of the earth has
a very, very slight curvature as well. That would be manifested as a curvature in a ‘space-
space’ sheet of spacetime. How could geodesic deviation be used to detect it, assuming that
precise enough measurements could be made?

D. Einstein first hit upon the idea that gravitation slows clocks through a thought exper-
iment conducted fully within a Minkowski spacetime of special relativity. He imagined an
observer with two clocks all enclosed within a box and accelerating uniformly in a Minkowski
spacetime. He then showed that, according to special relativity, the clocks run at different
rates, according to their position in the box. The farther forward they are in the direction
of the acceleration, the faster they run. Einstein’s principle of equivalence then added the
assertion that the inertial field appearing in the box was nothing other than a special form
of a gravitational field. So he concluded that clocks run at different rates according to their
altitude in a gravitational field. The higher clocks run faster and the lower ones slower.

The relative slowing of the clocks can be recovered fully from the spacetime geometry of a
Minkowski spacetime. Here is a spacetime diagram of two clocks accelerating. The accelera-
tion is in the direction from the A clock to the B clock. Draw in hypersurfaces of simultaneity
for observers located with the clocks and moving with them. Show that the B-clock observer
judges the A-clock to run slower; and the A-clock observer judges the B-clock to run faster.
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E. Einstein took a radically new approach to gravity by declaring it to coincide with a
curvature of spacetime. However, as we have seen in the chapter, the same thing can be done
with Newtonian gravitation theory, so that all its gravitational effects can be associated with
a curvature in some parts of spacetime. So what is new with Einstein’s proposal?

F. You can take a flat sheet of paper and wrap it into a cylinder, so that its rightmost
edge coincides with its leftmost edge. That operation does not affect the intrinsic flatness
of the paper. One can do the same thing in imagination with a cubical chunk of Minkowski
spacetime to create a very odd, new spacetime. Take the chunk’s rightmost edge and declare
that it coincides with its leftmost edge. That means that anyone traveling past the surface
marking rightmost edge of this space would simply pop back at the surface marking the
leftmost edge. Use geodesic deviation to convince yourself that the wrapping up of this
spacetime has not changed the flatness of the spacetime.
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